A DYNAMICIST’S PROOF OF GROMOV’S NONSQUEEZING

Theorem 1 ([2]). Suppose there is a symplectic embedding
B(R) = {(z,y) € R*" | [z|* +|y|* < R*} = Z(r) = {(z.y) € R*" | 2T +yi <r’}.
Then R <r.

Note that if we instead took Z(r) = {(x,y) € R?" | 22 4+ 23 < 72}, then there is always a linear symplectic
embedding B(R) — Z(r).

Gromov’s celebrated nonsqueezing theorem admits the following dynamical explanation [4]. (As an aside,
Hofer and Zehnder’s book [4] is very beautifully written and I strongly recommend.)

Observe that all characteristics on dB(R) are closed, have period 2, and action wR?. All characteristics
on @Z(r) are closed, wind around the cylinder, and have action 772. In contrast, characteristics on 9Z(r)
are straight lines. Imagine there is an “optimal” embedding B(R) — Z(r), in which case one is inclined to
think that the boundary of the embedded ball would touch the boundary of the cylinder. Let’s say this is
happening along a closed characteristic. Then by the invariance of action under symplectic maps, we should
have r = R.

However, a rigorous proof of Gromov’s nonsqueezing theorem along these lines does not exist (according
to Hofer and Zehnder).

Definition 2. A symplectic capacity is a map
(M,w) — ¢(M,w) € [0, 00]

where (M, w) is a symplectic manifold (possibly with boundary) of fixed dimension 2n, satisfying the axioms
(A1)—-(A3).

A1. Monotonicity: ¢(M,w) < ¢(N,7) if there exists a symplectic embedding (M,w) — (N, 7).

A2. Conformality: ¢(M, aw) = |a|e(M,w) for a # 0.

A3. Nontriviality: ¢(B(1),wq) =7 = ¢(Z(1),wp).

Let ¢ be a symplectic capacity. By (A3) and (A2),
c(B(r)) = r%c(B(1)) = 7nr?, ¢(Z(R)) = R*¢(Z(1)) = nR?.

Then Gromov’s nonsqueezing follows from (Al).

Therefore, to prove Gromov’s nonsqueezing, it suffices to show that there exists a symplectic capacity.

The goal of this note is to describe the construction of a symplectic capacity called the Hofer-Zehnder
capacity [3]; in particular, to prove that it satisfies axioms (A1)—(A3).

The motivating idea is as follows. Consider H of the following form (see Figure 1). If the oscillation of H
is sufficiently large, then Xy has, independent of the size of its support, a fast periodic orbit, i.e., an orbit
having small period, say 0 < 7' < 1. The threshold that Osc(H) needs to pass in order to admit such a fast
periodic orbit encodes symplectic information of (M,w).

To be precise, let H(M,w) be the set of smooth functions H satisfying the following properties.

(1) For some compact set K C M \ OM and constant m(H), H|y\x = m(H).

(2) For some open set U C M, H|y = 0.

(3) 0< H(z) <m(H), z€ M.
A function H € H(M,w) is admissible if all periodic orbits of X g are either constant or have period > 1.
Denote the set of admissible functions by H,(M,w). Define

co(M,w) =sup{m(H) | H € H,(M,w)}.
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FIGURE 1. Reproduced from [4] for educational purposes only.

In other words, co(M,w) is the infimum of numbers a such that as soon as m(H) > a, the vector field Xp
possesses a nonconstant orbit of period T for some T € (0, 1].
Now we must verify that ¢y satisfies the axioms (A1)—(A3). The first two are easy. (Exercise: prove it.)

Lemma 3. ¢o(B(1),wy) > 7.

Proof. For every 0 < ¢ < 7, we will show that c¢q(B(1),wg) > 7™ —e by constructing a function H € H,(B(1))
with m(H) = m —e. Choose a smooth function f : [0, 1] — [0, 00) such that

(o< ff<m,

(2) f(t) =0 for t near 0,

(3) f(t) =m — € for t near 1.

Define H(z) = f(|x|?) for € B(1). The Hamiltonian system
—Ji =VH(z) =2f'(|z|*)z

has the function G(z) = %|z|? as an integral (i.e. conserved quantity), since (VG, JVH) = 0. Therefore if
x(t) is a solution, then

2f'(|e(t)]*) = a
is a constant and the solution satisfies —Ji& = az. Consequently, all solutions are periodic and are given by
z(t) = e*’'2(0) = (cos at)x(0) + (sinat)Jz(0).
If @ = 0 then the solution is constant, whereas if ¢ > 0 then the solution has period T = 277' > 1. |
Then it remains to prove that ¢o(Z(1),wp) < w. This is the difficult part.
Theorem 4. If H € H(Z(1)) and m(H) > m, then Xg has a nonconstant orbit of period T = 1.

To prove this, we may assume without loss of generality that H vanishes near the origin. (Exercise: prove
this.) We extend H to R?" in the following way. Since H € H(Z(1),wp), there is an ellipsoid F = Ey such
that H € H(E,wo), where E = {z € R?" | ¢(2) <1} and ¢ = 2} + 47 + 7= Z;lﬂ(xf +y37) for N sufficiently
large. Now for any £ > 0 such that m(H) > 7+ ¢, pick a smooth function f : R — R satisfying the following
properties.
(1) £(s) = m(H), 5 < 1.
(2) f(s) > (m+¢e)s, s €R, with equality for large s.
B)0< f'(s)<m+e, s>1.

We now define H : R?” — R by

Note that H is quadratic at infinity.
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Proposition 5. Assume xz(t) is a 1-periodic orbit of X4. If

1
1 _
Be) = [ §(-Tia) = H(O)e >0,
0
then z(t) is nonconstant and x(t) C E. Hence x(t) is a nonconstant 1-periodic orbit of Xy on Z(1).

Proof. If = is a constant orbit, then ®(z) < 0. If z(tg) ¢ E for some ty, then since X7 vanishes on 0F,
x(t) ¢ E for all ¢, and hence it solves the equation

—Ji = VH(z) = f'(q(z))Vq(2).
The function ¢ is an integral of this equation since (Vq, Jf'(q)Vq) = 0. Hence if z(t) is a solution then

q(z(t)) =7

is constant in ¢, so we can compute
1
1 i
O(x) = / §<—Ji,x> — H(x(t))dt
0
1

f'()(Va(x), z) = f(q(x))dt

0 2
- / F(7)alz) - Fla(x))dt

1
= [ rer= s
<0

The third equality uses the fact that ¢ is a quadratic form. Thus the proposition is proved. O

We now change notation and replace H by H. Our goal becomes finding a 1-periodic orbit of Xz which
satisfies ®(x) > 0. To find this solution, we would like to use the following variational principle.
Consider the loop space 2 = C*°(S!,R?"). Consider the function ® : Q — R given by

1
@(x):/o %(—Jﬁv,@—H(m(t))dt.

The critical points of this function are precisely the 1-periodic orbits of Xp. (Of course you know this.)

From a variational point of view, this action principle is highly degenerate. Indeed, consider the loops
T (t) = em?™t¢ where |€] = 1. One computes that fol (= J&m, Tp)dt = mm, whereas the second part of ®
stays bounded. Therefore, the functional is bounded neither below nor above. In particular, the variational
techniques based on minimizing sequences (which can be used e.g. to deduce the existence of closed geodesics
on Riemannian manifolds) do not apply.

As we all know, these difficulties were surmounted in Floer’s celebrated work [1], using methods similar
to Gromov’s. In this note, we will explain a different strategy due to Hofer-Zehnder, which in turn is based
on earlier ideas of Rabinowitz [5].

The tool which we shall use to find the 1-periodic orbit is the following classical minimax lemma. Let E
be a Hilbert space, f € C'(E,R), and F a family of subsets of E. We define the minimaz

o(f, F) = Firelgilelg f(z) € RU {+o0}.

Lemma 6 (Minimax lemma). Suppose that f and F satsify the following conditions.
(1) f satisfies the Palais-Smale condition, i.e., every sequence x; € E satisfying
Vi(z;) — 0 and |f(z;)] < C < oo for some C

possesses a convergent subsequence.
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(2) = =V f(x) defines a global flow ' (x), i.e., the Cauchy initial value problem can be solved uniquely
and for all times t € R.

(3) The family F is positively invariant under the flow, i.e., if F € F then ¢'(F) € F for all t > 0.

(4) c(f, F) € (=00, 00).

Then the real number c(f,F) is a critical value of f, i.e., there exists x* € E such that

Vi(*) =0 and f(z*) = c(f, F).

Proof. 1t suffices to show that for every € > 0 there exists an « € E such that
f(x)elc—e,cte]and |[Vf(z)|| <e.

Indeed, choosing €; = 1/, we find a sequence z; which has, by the P.S. condition, a convergent subsequence
whose limit is the desired critical point. Now we argue by contradiction. Assume there exists € > 0 such
that ||V f(z)| > e for all z satisfying f(x) € [c—¢, c+¢]. By the definition of ¢, there exists F' € F such that
sup,cp f(z) < c+e. Pick any z € F, so f(z) < c+e. We claim that f(¢! (z)) < c—¢ for t* = 2/e. Indeed,
assume by contradiction that f(¢'(x)) > ¢ —e for all t € [0,¢*]. Then by assumption ||V f(¢'(x))| > ¢ for
all t € [0,t*], and hence

F@" (@) = fx) = —/0 IV F(®(2)|?ds < —e2t* = —2¢.

Now set F'* = ¢! (F). We have shown that sup, ¢ . f(z) < ¢ —e. But F* € F, a contradiction. O

To find the convenient Hilbert space, we represent loops € C°°(S!,R?") by their Fourier series

.’L'(t) —_ ZekQWthk.

kezZ
We compute

/0 (=T, y)dt =27y j(x;,y;)

JEZ
=21y [il(ws,y) — 20 Y i@, u5)-
3>0 j<0

Recall that the inner product on the space H*(S') is defined in terms of Fourier series by

(@,9)s = (w0, y0) +2m > K[> (wk, yi)-
keZ

Therefore, the bilinear form

alz,y) = / L iy

2
can be defined as a continuous bilinear form on the Sobolev space E = H'/2(S'). From now on, we write
(=0 )gand =111

There is an orthogonal splitting

E=E ©oE'0E"
into spaces of x € E having only Fourier coefficients for j < 0, j =0, j > 0. The corresponding orthogonal
projections are denoted by P~, P°, P*. Then we define for z,y € E

a(w,y) = 50 y") — e my7)
= (P = P)ay)
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The function a : E — R defined by
1 1
— — A2 A2
(@) = a(e,2) = & |2 — S a |
is (Fréchet) differentiable with (Fréchet) derivative
da(z)(y) = (P* = P7)z,y)

so the gradient of a is

We now study the function

/ H(x
recalling that H vanishes near the origin. Since |H(z)| < M|z|2 for z € R?", the map b is defined for x € L?
and hence also for x € E C L?. If we consider b as a function on L2, we shall denote it by b, so with the

inclusion map j : E — L2, we have b(z) = b(j(z)) for # € E. To show that b is differentiable, we shall use
the identity

H(z+€) = H(z) + (VH(2), ) + /0 (VH(: +t€) — VH(2), €)dt,

Since |H..(z)| < M, the last term is < M|¢|2. Therefore, given z, h € L?, we have
1
b(z + h) = b(x) + / (VH(z),h)dt + R(x, h)
0

where |R(z, h)| < M||h||3,. This shows that b is differentiable with derivative given by

1
db(z)(h) = /0 (VH(z),h)dt = (VH(x),h)>.
Hence the L2 gradient Vb(x) = VH(z) € L. The derivative of b: E — R is given by
db(z)(y) = db(j(2)) (i (y))

and hence

Vb(z) = j*Vb(j(x)) = j*VH(z).

Lemma 7. The gradient Vb : E — E 1s continuous and maps bounded sets to relatively compact sets.

Moreover,
IVb(z) = Vb(y)|| < M|z =yl and |b(x)| < M|z|?2 for z,y € E.

Proof. The map z — VH(z) is globally Lipschitz continuous on L?, since |VH(z)| < M|z| for z € R?".
Therefore, it maps bounded sets to bounded sets. The first claim then follows from the fact that j* : L? — E
is compact. Moreover,

IVb(z) = Vo(y)|ly = 5°(VH(x) = VH(y))l 1
< |IVH(z) = VH(y)l|L2 < M|z -y >
< Mo~ yll;.
Finally, the last estimate follows from |H(z)| < M|z|?. O
Summarizing the discussion so far, we have extended the action functional ® from the space €2 of smooth
loops to the the Hilbert space E D Q by
O(z) =a(x) —b(z) for x € E.
The function ® : £ — R is differentiable and its gradient is given by
Vo(z) =2 — 2~ — Vb(z).

As one should expect, there is a regularity statement for critical points of ®.
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Lemma 8. If V®(x) =0, then x € C*(S'), and it solves the Hamiltonian equation.

Proof. Represent x and VH (z) by their Fourier series

= Z k2m Tty
VH(z)= Z ek Itg,.
By assumption, d®(x)(v) = 0. This means that
(xt —27,0) = /01<VH(.1‘),1}>dt
for all v € E. By choosing test functions v(t), we find that

2rkx, = ag, k € Z and ag = 0.

DRl <Y Jawl? < e,
so x € H'. By the Sobolev embedding theorem, this implies that z € C°. Consequently,
t
&(¢) :/ JVH (x(s))ds
0

is in C*(R). By comparing Fourier coefficients, we see that z(t) = 2(0) + £(t). Thus x € C! and solves the
Hamiltonian equation @ = JVH(x). Once the right hand side is seen to be C!, we infer that 2 € C?, and
iterating this argument we see that x € C*°. (I

This implies that

Lemma 9. Every sequence x; € E satisfying V®(x;) — 0 has a convergent subsequence. In particular, ®

satisfies the P.S. condition.
Proof. Assume that V®(z;) = ;c;r —x; —Vb(x;) — 0. We claim that it suffices to show that z; is bounded in
E. If so, since Vb is compact, we infer that mj —x

J
and z; must each have a convergent subsequence. But x? € R?" is also bounded, and thus has a convergent

subsequence.
To show that x; is bounded we argue by contradiction and assume that ||z;| — oco. Consider y; =
x/||zk]|. Then

has a convergent subsequence, and by orthogonality mj’

o 1
y,': -y, —J (—VH(x;Q) — 0.

(B9
Since |[VH(z)| < M|z| the sequence YEZ%) is hounded in L2, and since j* : L2 — E is compact, v =y

[EN]
is relatively compact, hence yy is relatively compact. After passing to a subsequence we may assume that

yr — vy in E and hence y, — y in L?. Recall that |VH(z) — VQ(z)| < M for some quadratic Q.

VH (z 1
|TIE 900 < s IV ) = 9Qau)l + 19Q e = )l
[l 2 el
and hence —
(zk) — VQ(y) in L.
[l
Consequently,
Vb (z, . .
) g (vQ) in B,

and hence y € F satisfies

y =y =7 (VQ(y)) = 0.
By the regularity argument from the previous lemma, we deduce that y € C* is a 1-periodic orbit of Xg.
But all nontrivial orbits of X¢ have period T # 1, so y(t) = 0, which contradicts ||y|| = 1. O

The gradient equation of ® is globally Lipschitz continuous, and hence defines a unique global flow ¢! by
ODE theory.
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Lemma 10. The flow of ¢ = —V®(x) can be written as
ol(x) = etz + 2% +etat + K(t,x)
where K : R x E — FE is continuous and maps bounded sets to relatively compact sets.
Proof. Define
K(t,z) = — /Ot(et_sP_ + PO + et PT)Vb(p* (2))ds.

It has the desired properties since j* : L? — FE is compact. To verify the equality, let us denote the right
hand side by y(t) and differentiate

y(t) = (P~ = P)y(t) — V(o' (2)).
Since y(0) = x, the function &(t) = y(t) — ¢'(x) satisfies the equation
£(t) = (P~ = PH)E(t)

with initial value £(0) = 0. By the uniqueness theorem in ODE theory, £(t) = 0. O

We are now prepared to prove the existence of the desired 1-periodic orbit.

We first single out two distinguished subsets ¥ and I" of E. Define

Y=, ={r|z=2 +2+seT, |lz7 +2° <7, 0<s< 7}

where 7 > 0, and et (t) = e?™te;, e = (1,0,...,0) € R?". Clearly |le*||? = 27 and |le*||z> = 1. We denote
by 0% the boundary of ¥ in E~ + E° + Ret.
Lemma 11. There exists 7+ > 0 such that for all 7 > 7*

Doy < 0.

Proof. By definition ®|p-gpo < 0. Thus it remains to consider the cases [z~ + 2°|| = 7 and s = 7. By the
construction of H there exists a constant v > 0 such that

H(z) > (7 —€)q(z) — 7.
Then .
B(x) < a(z) - (7 —e) / 4(z) +7

for all z € E. We can estimate for x = 2~ 4+ 20 + se™

#(a) < 55° o = 5 oI = +-2)a () = (r+) [a(se?) +9

1, _ 2 2

=—3 |z~ |I" —es® [let||}. — (7 +)q («°) + -

Therefore, there exists ¢ > 0 such that
O(x) <y —cllz™ + 20 — clset|%.
The right hand side will be negative if ||z~ + 2°|| or s becomes sufficiently large. O
Define
=Ty ={zeE"||z[|=a}.
Lemma 12. There exist a, B > 0 such that
olr > 5> 0.

Proof. By the Sobolev embedding theorem, for p > 1, there exist constants M = M, such that
lull e < Mullyy2, w € HYZ(SY).
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Since |H(z)| < c|z|?, there exists a constant K > 0 such that

1
/0 H (e (8)dt < clle]3 < K2l

for all x € HY2. If 2 € E*, then
P(

8

1
) = 5l = Kl

and the claim follows. O

See Figure 2.

FIGURE 2. Reproduced from [4] for educational purposes only.

Now since ®(¢'(z)) decreases in t, we deduce from Lemma 11 that
P iax) <0
for all ¢ > 0. In view of Lemma 12, we have ¢'(0X) NT = () for all ¢ > 0. Then intuitively, it is clear that
P(X)NT # 0 for all t > 0.
Lemma 13. ©'(X)NT # 0 for allt > 0.

Proof. Abbreviate the flow by ¢'(z) = x - t. We wish to find x € 3 such that
(P~+P% (z-1)=0
ot = a.
Using Lemma 10, the equations become
0=c¢'z" +2°+ (P~ +P°) K(t,z)
0=a— |-t

Multiplying the E~ part by e~*

, we obtain the equivalent equations
0=2 42"+ (e 'P~ + P°)K(t,x)
0=a— |zt

For x = 2~ + 2% + set, this can be further rewritten as

0=x+ B(t,x)
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where the operator B is defined by
B(t,z) = (e7'P~ + P)K(t,z) + PT {(|lz - t]| — a)et —z}.

Abbreviating F = E~ @ E° @ Ret the map B : R x F — F is continuous and maps bounded sets to
relatively compact sets (Lemma 10). Hence Leray-Schauder index theory applies. To find z € ¥ such that
x + B(t,x) = 0, it suffices to show that

Since p'(0X) NT = @ for all ¢ > 0, there is no solution on 9. Hence by the homotopy invariance of the
degree,

deg(X,id + B(t,-),0) = deg(2,id + B(0, -),0).
Since K(0,z) = 0 we have B(0,x) = Pt {(||z|| — a)e™ — x}. Consider the homotopy

Lu(z) = P* {(pllz| — o)™ — pa}
for p € [0,1]. If z € X satisfies « + L, (z) = 0, then z = se™, and s(1 — p + plle™||) = a. Consequently,
0 < s < «, and thus x ¢ 9% if 7 > a. Therefore, we can again apply the homotopy invariance of degree
deg(%,id + B(0,-),0) = deg(%,id — ae™,0)
= deg(3,id, ae™).
If 7 > «, then ae™ € X, and hence the degree is 1. O
We now take the family F = {¢'(2)}4+>0, and consider
(P, F) = g(f) zeS;I()z) D(x).
Since ¢'(X)NT # @ (Lemma 13) and ®|r > # (Lemma 12), we have that
B < inf &(x) < sup P(x) < oco.
zel 2EQH(R)

The last inequality uses Lemma 7, which implies that ® maps bounded sets to bounded sets. Therefore
(P, F) € [B,).

By Lemma 9, & satisfies the P.S. condition, and by Lemma 7, its gradient defines a unique global flow.
Consequently, we can apply Lemma 6, concluding that ¢(®, F) is a critical value. This means that there
exists * € E satisfying V®(2*) = 0 and ®(z*) = ¢(®, F) > > 0. By Lemma 8, z* is a smooth 1-periodic
orbit of X.

The proof is thus complete.
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