
A DYNAMICIST’S PROOF OF GROMOV’S NONSQUEEZING

Theorem 1 ([2]). Suppose there is a symplectic embedding

B(R) = {(x, y) ∈ R2n | |x|2 + |y|2 < R2} → Z(r) = {(x, y) ∈ R2n | x2
1 + y21 < r2}.

Then R ≤ r.

Note that if we instead took Ẑ(r) = {(x, y) ∈ R2n | x2
1+x2

2 < r2}, then there is always a linear symplectic

embedding B(R) → Ẑ(r).

Gromov’s celebrated nonsqueezing theorem admits the following dynamical explanation [4]. (As an aside,

Hofer and Zehnder’s book [4] is very beautifully written and I strongly recommend.)

Observe that all characteristics on ∂B(R) are closed, have period 2π, and action πR2. All characteristics

on ∂Z(r) are closed, wind around the cylinder, and have action πr2. In contrast, characteristics on ∂Ẑ(r)

are straight lines. Imagine there is an “optimal” embedding B(R) → Z(r), in which case one is inclined to

think that the boundary of the embedded ball would touch the boundary of the cylinder. Let’s say this is

happening along a closed characteristic. Then by the invariance of action under symplectic maps, we should

have r = R.

However, a rigorous proof of Gromov’s nonsqueezing theorem along these lines does not exist (according

to Hofer and Zehnder).

Definition 2. A symplectic capacity is a map

(M,ω) 󰀁→ c(M,ω) ∈ [0,∞]

where (M,ω) is a symplectic manifold (possibly with boundary) of fixed dimension 2n, satisfying the axioms

(A1)–(A3).

A1. Monotonicity: c(M,ω) ≤ c(N, τ) if there exists a symplectic embedding (M,ω) → (N, τ).

A2. Conformality: c(M,αω) = |α|c(M,ω) for α ∕= 0.

A3. Nontriviality: c(B(1),ω0) = π = c(Z(1),ω0).

Let c be a symplectic capacity. By (A3) and (A2),

c(B(r)) = r2c(B(1)) = πr2, c(Z(R)) = R2c(Z(1)) = πR2.

Then Gromov’s nonsqueezing follows from (A1).

Therefore, to prove Gromov’s nonsqueezing, it suffices to show that there exists a symplectic capacity.

The goal of this note is to describe the construction of a symplectic capacity called the Hofer-Zehnder

capacity [3]; in particular, to prove that it satisfies axioms (A1)–(A3).

The motivating idea is as follows. Consider H of the following form (see Figure 1). If the oscillation of H

is sufficiently large, then XH has, independent of the size of its support, a fast periodic orbit, i.e., an orbit

having small period, say 0 < T ≤ 1. The threshold that Osc(H) needs to pass in order to admit such a fast

periodic orbit encodes symplectic information of (M,ω).

To be precise, let H(M,ω) be the set of smooth functions H satisfying the following properties.

(1) For some compact set K ⊂ M \ ∂M and constant m(H), H|M\K ≡ m(H).

(2) For some open set U ⊂ M , H|U ≡ 0.

(3) 0 ≤ H(x) ≤ m(H), x ∈ M .

A function H ∈ H(M,ω) is admissible if all periodic orbits of XH are either constant or have period > 1.

Denote the set of admissible functions by Ha(M,ω). Define

c0(M,ω) = sup{m(H) | H ∈ Ha(M,ω)}.
1



2 A DYNAMICIST’S PROOF OF GROMOV’S NONSQUEEZING

Figure 1. Reproduced from [4] for educational purposes only.

In other words, c0(M,ω) is the infimum of numbers a such that as soon as m(H) > a, the vector field XH

possesses a nonconstant orbit of period T for some T ∈ (0, 1].

Now we must verify that c0 satisfies the axioms (A1)–(A3). The first two are easy. (Exercise: prove it.)

Lemma 3. c0(B(1),ω0) ≥ π.

Proof. For every 0 < ε < π, we will show that c0(B(1),ω0) ≥ π−ε by constructing a function H ∈ Ha(B(1))

with m(H) = π − ε. Choose a smooth function f : [0, 1] → [0,∞) such that

(1) 0 ≤ f ′ < π,

(2) f(t) = 0 for t near 0,

(3) f(t) = π − ε for t near 1.

Define H(x) = f(|x|2) for x ∈ B(1). The Hamiltonian system

−Jẋ = ∇H(x) = 2f ′(|x|2)x

has the function G(x) = 1
2 |x|

2 as an integral (i.e. conserved quantity), since 〈∇G, J∇H〉 = 0. Therefore if

x(t) is a solution, then

2f ′(|x(t)|2) = a

is a constant and the solution satisfies −Jẋ = ax. Consequently, all solutions are periodic and are given by

x(t) = eaJtx(0) = (cos at)x(0) + (sin at)Jx(0).

If a = 0 then the solution is constant, whereas if a > 0 then the solution has period T = 2π
a > 1. □

Then it remains to prove that c0(Z(1),ω0) ≤ π. This is the difficult part.

Theorem 4. If H ∈ H(Z(1)) and m(H) > π, then XH has a nonconstant orbit of period T = 1.

To prove this, we may assume without loss of generality that H vanishes near the origin. (Exercise: prove

this.) We extend H to R2n in the following way. Since H ∈ H(Z(1),ω0), there is an ellipsoid E = EN such

that H ∈ H(E,ω0), where E = {z ∈ R2n | q(z) < 1} and q = x2
1 + y21 +

1
N2

󰁓n
j=2(x

2
j + y2j ) for N sufficiently

large. Now for any ε > 0 such that m(H) > π+ ε, pick a smooth function f : R → R satisfying the following

properties.

(1) f(s) = m(H), s ≤ 1.

(2) f(s) ≥ (π + ε)s, s ∈ R, with equality for large s.

(3) 0 < f ′(s) ≤ π + ε, s > 1.

We now define H : R2n → R by

H(z) =

󰀫
H(z) z ∈ E

f(q(z)) z /∈ E.

Note that H is quadratic at infinity.
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Proposition 5. Assume x(t) is a 1-periodic orbit of XH . If

Φ(x) =

󰁝 1

0

1

2
〈−Jẋ, x〉 −H(x(t))dt > 0,

then x(t) is nonconstant and x(t) ⊂ E. Hence x(t) is a nonconstant 1-periodic orbit of XH on Z(1).

Proof. If x is a constant orbit, then Φ(x) ≤ 0. If x(t0) /∈ E for some t0, then since XH vanishes on ∂E,

x(t) /∈ E for all t, and hence it solves the equation

−Jẋ = ∇H(x) = f ′(q(x))∇q(x).

The function q is an integral of this equation since 〈∇q, Jf ′(q)∇q〉 = 0. Hence if x(t) is a solution then

q(x(t)) = τ

is constant in t, so we can compute

Φ(x) =

󰁝 1

0

1

2
〈−Jẋ, x〉 −H(x(t))dt

=

󰁝 1

0

1

2
f ′(τ)〈∇q(x), x〉 − f(q(x))dt

=

󰁝 1

0

f ′(τ)q(x)− f(q(x))dt

=

󰁝 1

0

f ′(τ)τ − f(τ)dt

≤ 0.

The third equality uses the fact that q is a quadratic form. Thus the proposition is proved. □

We now change notation and replace H by H. Our goal becomes finding a 1-periodic orbit of XH which

satisfies Φ(x) > 0. To find this solution, we would like to use the following variational principle.

Consider the loop space Ω = C∞(S1,R2n). Consider the function Φ : Ω → R given by

Φ(x) =

󰁝 1

0

1

2
〈−Jẋ, x〉 −H(x(t))dt.

The critical points of this function are precisely the 1-periodic orbits of XH . (Of course you know this.)

From a variational point of view, this action principle is highly degenerate. Indeed, consider the loops

xm(t) = em2πJtξ where |ξ| = 1. One computes that
󰁕 1

0
1
2 〈−Jẋm, xm〉dt = πm, whereas the second part of Φ

stays bounded. Therefore, the functional is bounded neither below nor above. In particular, the variational

techniques based on minimizing sequences (which can be used e.g. to deduce the existence of closed geodesics

on Riemannian manifolds) do not apply.

As we all know, these difficulties were surmounted in Floer’s celebrated work [1], using methods similar

to Gromov’s. In this note, we will explain a different strategy due to Hofer-Zehnder, which in turn is based

on earlier ideas of Rabinowitz [5].

The tool which we shall use to find the 1-periodic orbit is the following classical minimax lemma. Let E

be a Hilbert space, f ∈ C1(E,R), and F a family of subsets of E. We define the minimax

c(f,F) = inf
F∈F

sup
x∈F

f(x) ∈ R ∪ {±∞}.

Lemma 6 (Minimax lemma). Suppose that f and F satsify the following conditions.

(1) f satisfies the Palais-Smale condition, i.e., every sequence xj ∈ E satisfying

∇f(xj) → 0 and |f(xj)| ≤ C < ∞ for some C

possesses a convergent subsequence.
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(2) ẋ = −∇f(x) defines a global flow ϕt(x), i.e., the Cauchy initial value problem can be solved uniquely

and for all times t ∈ R.
(3) The family F is positively invariant under the flow, i.e., if F ∈ F then ϕt(F ) ∈ F for all t ≥ 0.

(4) c(f,F) ∈ (−∞,∞).

Then the real number c(f,F) is a critical value of f , i.e., there exists x∗ ∈ E such that

∇f(x∗) = 0 and f(x∗) = c(f,F).

Proof. It suffices to show that for every ε > 0 there exists an x ∈ E such that

f(x) ∈ [c− ε, c+ ε] and 󰀂∇f(x)󰀂 ≤ ε.

Indeed, choosing εj = 1/j, we find a sequence xj which has, by the P.S. condition, a convergent subsequence

whose limit is the desired critical point. Now we argue by contradiction. Assume there exists ε > 0 such

that 󰀂∇f(x)󰀂 > ε for all x satisfying f(x) ∈ [c−ε, c+ε]. By the definition of c, there exists F ∈ F such that

supx∈F f(x) ≤ c+ ε. Pick any x ∈ F , so f(x) ≤ c+ ε. We claim that f(ϕt∗(x)) ≤ c− ε for t∗ = 2/ε. Indeed,

assume by contradiction that f(ϕt(x)) > c − ε for all t ∈ [0, t∗]. Then by assumption 󰀂∇f(ϕt(x))󰀂 ≥ ε for

all t ∈ [0, t∗], and hence

f(ϕt∗(x))− f(x) = −
󰁝 t∗

0

󰀂∇f(ϕs(x))󰀂2ds ≤ −ε2t∗ = −2ε.

Now set F ∗ = ϕt∗(F ). We have shown that supx∈F∗ f(x) ≤ c− ε. But F ∗ ∈ F , a contradiction. □

To find the convenient Hilbert space, we represent loops x ∈ C∞(S1,R2n) by their Fourier series

x(t) =
󰁛

k∈Z
ek2πJtxk.

We compute
󰁝 1

0

〈−Jẋ, y〉dt = 2π
󰁛

j∈Z
j〈xj , yj〉

= 2π
󰁛

j>0

|j|〈xj , yj〉 − 2π
󰁛

j<0

|j|〈xj , yj〉.

Recall that the inner product on the space Hs(S1) is defined in terms of Fourier series by

〈x, y〉s = 〈x0, y0〉+ 2π
󰁛

k∈Z
|k|2s〈xk, yk〉.

Therefore, the bilinear form

a(x, y) =

󰁝 1

0

1

2
〈−Jẋ, y〉dt

can be defined as a continuous bilinear form on the Sobolev space E = H1/2(S1). From now on, we write

〈 , 〉 = 〈 , 〉 1
2
and 󰀂 󰀂 = 󰀂 󰀂 1

2
.

There is an orthogonal splitting

E = E− ⊕ E0 ⊕ E+

into spaces of x ∈ E having only Fourier coefficients for j < 0, j = 0, j > 0. The corresponding orthogonal

projections are denoted by P−, P 0, P+. Then we define for x, y ∈ E

a(x, y) =
1

2
〈x+, y+〉 − 1

2
〈x−, y−〉

=
1

2
〈(P+ − P−)x, y〉.
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The function a : E → R defined by

a(x) = a(x, x) =
1

2
󰀂x+󰀂2 − 1

2
󰀂x−󰀂2

is (Fréchet) differentiable with (Fréchet) derivative

da(x)(y) = 〈(P+ − P−)x, y〉

so the gradient of a is

∇a(x) = (P+ − P−)x = x+ − x−.

We now study the function

b(x) =

󰁝 1

0

H(x(t))dt,

recalling that H vanishes near the origin. Since |H(z)| ≤ M |z|2 for z ∈ R2n, the map b is defined for x ∈ L2

and hence also for x ∈ E ⊂ L2. If we consider b as a function on L2, we shall denote it by b̂, so with the

inclusion map j : E → L2, we have b(x) = b̂(j(x)) for x ∈ E. To show that b̂ is differentiable, we shall use

the identity

H(z + ξ) = H(z) + 〈∇H(z), ξ〉+
󰁝 1

0

〈∇H(z + tξ)−∇H(z), ξ〉dt.

Since |Hzz(z)| ≤ M , the last term is ≤ M |ξ|2. Therefore, given x, h ∈ L2, we have

b̂(x+ h) = b̂(x) +

󰁝 1

0

〈∇H(x), h〉dt+R(x, h)

where |R(x, h)| ≤ M󰀂h󰀂2L2 . This shows that b̂ is differentiable with derivative given by

db̂(x)(h) =

󰁝 1

0

〈∇H(x), h〉dt = (∇H(x), h)L2 .

Hence the L2 gradient ∇b̂(x) = ∇H(x) ∈ L2. The derivative of b : E → R is given by

db(x)(y) = db̂(j(x))(j(y))

and hence

∇b(x) = j∗∇b̂(j(x)) = j∗∇H(x).

Lemma 7. The gradient ∇b : E → E is continuous and maps bounded sets to relatively compact sets.

Moreover,

󰀂∇b(x)−∇b(y)󰀂 ≤ M󰀂x− y󰀂 and |b(x)| ≤ M󰀂x󰀂2L2 for x, y ∈ E.

Proof. The map x 󰀁→ ∇H(x) is globally Lipschitz continuous on L2, since |∇H(z)| ≤ M |z| for z ∈ R2n.

Therefore, it maps bounded sets to bounded sets. The first claim then follows from the fact that j∗ : L2 → E

is compact. Moreover,
󰀂∇b(x)−∇b(y)󰀂 1

2
= 󰀂j∗(∇H(x)−∇H(y))󰀂 1

2

≤ 󰀂∇H(x)−∇H(y)󰀂L2 ≤ M󰀂x− y󰀂L2

≤ M󰀂x− y󰀂 1
2
.

Finally, the last estimate follows from |H(z)| ≤ M |z|2. □

Summarizing the discussion so far, we have extended the action functional Φ from the space Ω of smooth

loops to the the Hilbert space E ⊃ Ω by

Φ(x) = a(x)− b(x) for x ∈ E.

The function Φ : E → R is differentiable and its gradient is given by

∇Φ(x) = x+ − x− −∇b(x).

As one should expect, there is a regularity statement for critical points of Φ.
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Lemma 8. If ∇Φ(x) = 0, then x ∈ C∞(S1), and it solves the Hamiltonian equation.

Proof. Represent x and ∇H(x) by their Fourier series

x =
󰁛

ek2πJtxk

∇H(x) =
󰁛

ek2πJtak.

By assumption, dΦ(x)(v) = 0. This means that

〈x+ − x−, v〉 =
󰁝 1

0

〈∇H(x), v〉dt

for all v ∈ E. By choosing test functions v(t), we find that

2πkxk = ak, k ∈ Z and a0 = 0.

This implies that 󰁛
|k|2|xk|2 ≤

󰁛
|ak|2 < ∞,

so x ∈ H1. By the Sobolev embedding theorem, this implies that x ∈ C0. Consequently,

ξ(t) =

󰁝 t

0

J∇H(x(s))ds

is in C1(R). By comparing Fourier coefficients, we see that x(t) = x(0) + ξ(t). Thus x ∈ C1 and solves the

Hamiltonian equation ẋ = J∇H(x). Once the right hand side is seen to be C1, we infer that x ∈ C2, and

iterating this argument we see that x ∈ C∞. □
Lemma 9. Every sequence xj ∈ E satisfying ∇Φ(xj) → 0 has a convergent subsequence. In particular, Φ

satisfies the P.S. condition.

Proof. Assume that ∇Φ(xj) = x+
j −x−

j −∇b(xj) → 0. We claim that it suffices to show that xj is bounded in

E. If so, since ∇b is compact, we infer that x+
j −x−

j has a convergent subsequence, and by orthogonality x+
j

and x−
j must each have a convergent subsequence. But x0

j ∈ R2n is also bounded, and thus has a convergent

subsequence.

To show that xj is bounded we argue by contradiction and assume that 󰀂xj󰀂 → ∞. Consider yk =

xk/󰀂xk󰀂. Then

y+k − y−k − j∗
󰀕

1

󰀂xk󰀂
∇H(xk)

󰀖
→ 0.

Since |∇H(z)| ≤ M |z| the sequence ∇H(xk)
󰀂xk󰀂 is bounded in L2, and since j∗ : L2 → E is compact, y+k − y−k

is relatively compact, hence yk is relatively compact. After passing to a subsequence we may assume that

yk → y in E and hence yk → y in L2. Recall that |∇H(z)−∇Q(z)| ≤ M for some quadratic Q.
󰀐󰀐󰀐󰀐
∇H (xk)

󰀂xk󰀂
− ∇Q(y)

󰀐󰀐󰀐󰀐
L2

≤ 1

󰀂xk󰀂
󰀂∇H (xk)−∇Q (xk)󰀂L2 + 󰀂∇Q (yk − y)󰀂L2 ,

and hence
∇H (xk)

󰀂xk󰀂
→ ∇Q(y) in L2.

Consequently,
∇b (xk)

󰀂xk󰀂
→ j∗(∇Q(y)) in E,

and hence y ∈ E satisfies

y+ − y− − j∗(∇Q(y)) = 0.

By the regularity argument from the previous lemma, we deduce that y ∈ C∞ is a 1-periodic orbit of XQ.

But all nontrivial orbits of XQ have period T ∕= 1, so y(t) = 0, which contradicts 󰀂y󰀂 = 1. □

The gradient equation of Φ is globally Lipschitz continuous, and hence defines a unique global flow ϕt by

ODE theory.
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Lemma 10. The flow of ẋ = −∇Φ(x) can be written as

ϕt(x) = etx− + x0 + e−tx+ +K(t, x)

where K : R× E → E is continuous and maps bounded sets to relatively compact sets.

Proof. Define

K(t, x) = −
󰁝 t

0

(et−sP− + P 0 + es−tP+)∇b(ϕs(x))ds.

It has the desired properties since j∗ : L2 → E is compact. To verify the equality, let us denote the right

hand side by y(t) and differentiate

ẏ(t) = (P− − P+)y(t)−∇b(ϕt(x)).

Since y(0) = x, the function ξ(t) = y(t)− ϕt(x) satisfies the equation

ξ̇(t) = (P− − P+)ξ(t)

with initial value ξ(0) = 0. By the uniqueness theorem in ODE theory, ξ(t) = 0. □

We are now prepared to prove the existence of the desired 1-periodic orbit.

We first single out two distinguished subsets Σ and Γ of E. Define

Σ = Στ = {x | x = x− + x0 + se+, 󰀂x− + x0󰀂 ≤ τ, 0 ≤ s ≤ τ}

where τ > 0, and e+(t) = e2πJte1, e1 = (1, 0, . . . , 0) ∈ R2n. Clearly 󰀂e+󰀂2 = 2π and 󰀂e+󰀂L2 = 1. We denote

by ∂Σ the boundary of Σ in E− + E0 + Re+.

Lemma 11. There exists τ+ > 0 such that for all τ ≥ τ∗

Φ|∂Σ ≤ 0.

Proof. By definition Φ|E−⊕E0 ≤ 0. Thus it remains to consider the cases 󰀂x− + x0󰀂 = τ and s = τ . By the

construction of H there exists a constant γ > 0 such that

H(z) ≥ (π − ε)q(z)− γ.

Then

Φ(x) ≤ a(x)− (π − ε)

󰁝 1

0

q(x) + γ

for all x ∈ E. We can estimate for x = x− + x0 + se+

Φ(x) ≤ 1

2
s2

󰀐󰀐e+
󰀐󰀐2 − 1

2

󰀐󰀐x−󰀐󰀐2 − (π + ε)q
󰀃
x0

󰀄
− (π + ε)

󰁝

0

q
󰀃
se+

󰀄
+ γ

= −1

2

󰀐󰀐x−󰀐󰀐2 − εs2
󰀐󰀐e+

󰀐󰀐2
L2 − (π + ε)q

󰀃
x0

󰀄
+ γ.

Therefore, there exists c > 0 such that

Φ(x) ≤ γ − c󰀂x− + x0󰀂2 − c󰀂se+󰀂2.

The right hand side will be negative if 󰀂x− + x0󰀂 or s becomes sufficiently large. □

Define

Γ = Γα = {x ∈ E+ | 󰀂x󰀂 = α}.

Lemma 12. There exist α,β > 0 such that

Φ|Γ ≥ β > 0.

Proof. By the Sobolev embedding theorem, for p ≥ 1, there exist constants M = Mp such that

󰀂u󰀂Lp ≤ M󰀂u󰀂1/2, u ∈ H1/2(S1).
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Since |H(z)| ≤ c|z|3, there exists a constant K > 0 such that
󰁝 1

0

|H(x(t))|dt ≤ c󰀂x󰀂3L3 ≤ K󰀂x󰀂31/2

for all x ∈ H1/2. If x ∈ E+, then

Φ(x) ≥ 1

2
󰀂x󰀂2 −K󰀂x󰀂3

and the claim follows. □

See Figure 2.

Figure 2. Reproduced from [4] for educational purposes only.

Now since Φ(ϕt(x)) decreases in t, we deduce from Lemma 11 that

Φ|ϕt(∂Σ) ≤ 0

for all t ≥ 0. In view of Lemma 12, we have ϕt(∂Σ) ∩ Γ = ∅ for all t ≥ 0. Then intuitively, it is clear that

ϕt(Σ) ∩ Γ ∕= ∅ for all t ≥ 0.

Lemma 13. ϕt(Σ) ∩ Γ ∕= ∅ for all t ≥ 0.

Proof. Abbreviate the flow by ϕt(x) = x · t. We wish to find x ∈ Σ such that
󰀃
P− + P 0

󰀄
(x · t) = 0

󰀂x · t󰀂 = α.

Using Lemma 10, the equations become

0 = etx− + x0 +
󰀃
P− + P 0

󰀄
K(t, x)

0 = α− 󰀂x · t󰀂.

Multiplying the E− part by e−t, we obtain the equivalent equations

0 = x− + x0 +
󰀃
e−tP− + P 0

󰀄
K(t, x)

0 = α− 󰀂x · t󰀂.

For x = x− + x0 + se+, this can be further rewritten as

0 = x+B(t, x)
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where the operator B is defined by

B(t, x) =
󰀃
e−tP− + P 0

󰀄
K(t, x) + P+

󰀋
(󰀂x · t󰀂 − α)e+ − x

󰀌
.

Abbreviating F = E− ⊕ E0 ⊕ Re+ the map B : R × F → F is continuous and maps bounded sets to

relatively compact sets (Lemma 10). Hence Leray-Schauder index theory applies. To find x ∈ Σ such that

x+B(t, x) = 0, it suffices to show that

deg(Σ, id +B(t, ·), 0) ∕= 0.

Since ϕt(∂Σ) ∩ Γ = ∅ for all t ≥ 0, there is no solution on ∂Σ. Hence by the homotopy invariance of the

degree,

deg(Σ, id +B(t, ·), 0) = deg(Σ, id +B(0, ·), 0).
Since K(0, x) = 0 we have B(0, x) = P+ {(󰀂x󰀂 − α)e+ − x}. Consider the homotopy

Lµ(x) = P+
󰀋
(µ󰀂x󰀂 − α)e+ − µx

󰀌

for µ ∈ [0, 1]. If x ∈ Σ satisfies x + Lµ(x) = 0, then x = se+, and s(1 − µ + µ󰀂e+󰀂) = α. Consequently,

0 < s < α, and thus x /∈ ∂Σ if τ > α. Therefore, we can again apply the homotopy invariance of degree

deg(Σ, id +B(0, ·), 0) = deg(Σ, id− αe+, 0)

= deg(Σ, id,αe+).

If τ > α, then αe+ ∈ Σ, and hence the degree is 1. □

We now take the family F = {ϕt(Σ)}t≥0, and consider

c(Φ,F) = inf
t≥0

sup
x∈ϕt(Σ)

Φ(x).

Since ϕt(Σ) ∩ Γ ∕= ∅ (Lemma 13) and Φ|Γ ≥ β (Lemma 12), we have that

β ≤ inf
x∈Γ

Φ(x) ≤ sup
x∈ϕt(Σ)

Φ(x) < ∞.

The last inequality uses Lemma 7, which implies that Φ maps bounded sets to bounded sets. Therefore

c(Φ,F) ∈ [β,∞).

By Lemma 9, Φ satisfies the P.S. condition, and by Lemma 7, its gradient defines a unique global flow.

Consequently, we can apply Lemma 6, concluding that c(Φ,F) is a critical value. This means that there

exists x∗ ∈ E satisfying ∇Φ(x∗) = 0 and Φ(x∗) = c(Φ,F) ≥ β > 0. By Lemma 8, x∗ is a smooth 1-periodic

orbit of XH .

The proof is thus complete.

References

[1] A. Floer, Proof of the Arnol’d conjecture for surfaces and generalizations to certain Kähler manifolds, Duke Math. J. 53

(1986), no. 1, 1–32; MR0835793

[2] M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985), no. 2, 307–347; MR0809718

[3] H. H. W. Hofer and E. J. Zehnder, A new capacity for symplectic manifolds, in Analysis, et cetera, 405–427, Academic

Press, Boston, MA, 1990; MR1039354

[4] H. H. W. Hofer and E. J. Zehnder, Symplectic invariants and Hamiltonian dynamics, Birkhäuser Advanced Texts: Basler
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